When a light beam whose polarization and intensity are weakly modulated at a frequency c 0 m passes through a periodic analyzer of frequency COa(aCtm) and the transmitted flux is linearly detected, the resulting total signal St consists of two components: (i) a periodic baseband signal Sbb with harmonics of frequencies nwja (n = 0,1,2,...) and (ii) an amplitude-modulated-carrier signal 6Smc with center (carrier) frequency c)m and sideband frequencies at cam 4 ncoa(n = 1,2,...). In this paper we show that the average polarization of the beam is determined by a limited spectral analysis of Sbb, whereas the polarization and intensity modulation are determined by a limited spectral analysis of B S,,,, or the associated envelope signal S Se, where 5Smc = 8Scoscoat. The theory of this frequency-mixing detection (FMD) of polarization modulation is developed for an arbitrary periodic analyzer. The specific case of a rotating analyzer is considered as an example. Applications of FMD include the retrieval of information impressed on light beams as polarization modulation in optical communication systems, and the automation of modulated ellipsometry, AIDER (angleof-incidence-derivative ellipsometry and reflectometry), and modulated generalized ellipsometry.
I. INTRODUCTION
Consider a beam of totally polarized light propagating in the z direction, and let Ez and E_ be the complex amplitudes of the projections of the electric vector along two transverse mutually orthogonal directions x and y, xyz being a right-handed Cartesian coordinate system, The beam is characterized by its total intensity I= EX E+Ey E , (1E) and its ellipse of polarization, specified completely by the complex number X = Ey/Ez = tanb eJA,
where A and ip represent the relative phase and arctangent of the relative amplitude of the y and x components, respectively. We assume that the beam is both intensity and polarization modulated such that
I= T+ 1, (3a
Yb=z b+6 b, A= +6A, (3b) and that the modulation is small:
I and (p, A) represent the quiescent intensity and polarization of the beam, respectively; 61 and (6p, 6A) represent the associated intensity and polarization modulation. For simplicity, we further assume that the modulation is sinusoidal with time t and of frequency cm << wopt, where w opt is the optical frequency. Therefore we can write 6X=6Xcoswmt, X=1, 0, and A
where the caret indicates the amplitude of a sinusoidal quantity.
In this paper we describe a frequency-mixing tech- that are weakly modulated at a frequency wm is transmitted through an analyzer A one or more of whose parameters ac is periodically swept at a frequency wa. The interaction between the modulated beam and the periodic analyzer results in frequency mixing that is borne in the intensity variations of the light leaving the analyzer. The latter intensity variations are detected by a linear polarization-independent photodetector D,
giving an electrical signal "D(or St). By spectral analysis of St (Fig. 3) , the average polarization as well as the polarization and intensity modulation of the beam can be determined. xyz represents a reference Cartesian coordinate system with the z axis along the direction of propagation of the light beam.
eters that describe the sinusoidally modulated totally polarized light beam, namely, 4, A; 64, 6A, and 1/I .
II. PRINCIPLE OF FREQUENCY-MIXING DETECTION (FMD)
When a beam of totally polarized light, described by the three parameters I, 0, and A, passes through an arbitrary polarization analyzer A, Fig. 1 , the transmitted intensity It can generally be expressed as
where the function! and its arguments a, (j= 1, 2, .... k) are characteristic of the particular chosen analyzer. When the photodetector is linear, the detected signal 9D can be written as
where c is a multiplier that depends on the detector.
Perturbations (61, 64, 6A) of the intensity and polarization parameters of the beam produce a corresponding perturbation 69, of the detected signal:
By use of Eq. (7) (12) and (13a):
The frequency spectrums of St is shown schematically in Fig. 2 . It consists of (1) We deal first with the special case of a periodic analyzer for which the function f and its derivatives fo andfe are all in phase. Under such conditions, the Fourier components off, f,, andf, that have the same frequency are also in phase. Consequently, These three equations can be solved for the three unknowns 4 6Z7I, -\ and 6A, which represent the desired modulation parameters. In the left-hand side of Eqs.
(20), the 77's are quantities to be measured; in the right-hand side, the coefficients of 62/I, 6p, and a are calculated for the given periodic analyzer.
General case
The periodic functions f, f., andef are not in phase so that Eqs. (17) 
11S=(f"coso'lf')('6I/I1)+ (fopcosSooo/fd 60
Equations (22) can be solved for the three modulation parameters 4 6i/I, 6p, and 6A. The left-hand side of Eqs. (22) represent quantities to be measured, whereas the coefficients of 61/I, 6b, and 6A in the right-hand side represent quantities that can be calculated for a given periodic analyzer. In the above detection scheme, the envelope signal 6Se is to be phase locked with the periodic sweep applied to the analyzer. 
III. A SIMPLE EXAMPLE
The theory of Sec. II applies to any type of periodic analyzer. For the purpose of demonstration, we take as a specific example a linear analyzer that is rotated at constant angular speed 2'w. If A is the azimuth of the transmission axis of the analyzer, measured from the x axis of the reference Cartesian coordinate system (see Fig. 1 ), the functions of Eq. (6) assumes the form f= (1 + cos2A) + tan where a constant multiplier (equal to A for an ideal linear analyzer) has been dropped. 5 In Eq. (23), f contains only one parameter, al = A. By partial differentiation of Eq. (23), we obtain
fA=-2 tan4 sinA sin2A .
Because the analyzer is rotating, we substitute
into Eqs. 
Equations (31) 
,
where T and A are now known from measurements of the average polarization, Eqs. (29). The example of frequency-mixing detection of polarization-modulated signals by a rotating analyzer is now complete.
IV. APPLICATIONS
In optical communication systems information may be impressed on the light beam as polarization (and intensity) modulation. FMD, as described in this paper, provides a means of demodulation for the purpose of information retrieval. Although we have assumed that the modulation is sinusoidal, extension to arbitrary modulation waveforms is straightforward by decomposing the waveform into its sinusoidal Fourier components and applying the principle of superposition in the case of small-level modulation.
The results of this paper have a direct bearing on ellipsometry.
The discussion of Sec. IIA represents a unified treatment for the measurement of unmodulated polarization states of light by means of periodic analyzers. The case of the rotating analyzer 8 -10 was considered in Sec. III as a simple example. The same procedure can be applied to the oscillating-analyzer, 11 rotating-analyzer/fixed-analyzer, 12 rotating-compensator/fixed-analyzer, 13 rotating-compensator/rotating-analyzer, 14 and the oscillating-phase compensator/fixed-analyzer 15 ellipsometers.
FMD makes possible the automation of modulated ellipsometry 1 5 (ME) and modulated generalized ellipsometry 17 (MGE). In ME and MGE, a beam of light of constant polarization is reflected from or transmitted through an optical sample that is subjected to a modulating stimulus, such as temperature, stress, electric, or magnetic field. Modulation of the sample causes modulation of the intensity and polarization of the beam that can be measured by FMD. Consider, for instance, an isotropic surface that reflects linearly polarized light of 450 azimuth from the plane of incidence. If a sinusoidal perturbation is applied to the surface, changes will occur in its reflectance and ellipsometric parameters; consequently, the reflected light will be both intensity and polarization modulated. Because the incident light is linearly polarized at 450 azimuth, it can be readily seen that the Dolarization modulation of the reflected light Q and a can be identified with the changes of the ellipsometric Darameters of the surface. The intensity modulation 6i/T gives 6R/R, where iR [=(Rp +Rs)] is the reflectance for unpolarized light. Thus FMD using any periodic analyzer as described in Sec. II, e. g., using the rotating analyzer as described in Sec. III, can be applied to automate modulated ellipsometry.
Another related application of FMD is the automation of AIDER'8 (angle-of-incidence-derivative ellipsometry and reflectormetry). In this case, a light beam is obliquely reflected from an angularly vibrating surface and the state of polarization of the reflected beam is therefore modulated. Such modulation can be measured by FMD using a periodic analyzer (e. g., a rotating analyzer); hence the angle-of-incidence derivatives of the reflectance and ellipsometric parameters of the surface can be determined.
Finally, we should mention that the principle of FMD is applicable to the measurement of polarization modulation of other electromagnetic waves, even though we have referred to light waves in particular throughout this paper.
